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Abstract
In this study, we construct four-dimensional F-theory models with 3 to 8 U(1) factors
on products of K3 surfaces. We provide explicit Weierstrass equations of elliptic K3
surfaces with Mordell–Weil ranks of 3 to 8. We utilize the method of quadratic base
change to glue pairs of rational elliptic surfaces together to yield the aforementioned
types of K3 surfaces. The moduli of elliptic K3 surfaces constructed in the study include
Kummer surfaces of specific complex structures. We show that the tadpole cancels
in F-theory compactifications with flux when these Kummer surfaces are paired with
appropriately selected attractive K3 surfaces. We determine the matter spectra on F-
theory on the pairs.
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1 Introduction
F-theory [1, 2, 3] provides an extension of type IIB superstring to a nonperturbative regime
and physical information (such as gauge groups and matter representations) are determined
via the geometry of the compactification space in F-theory formulation. Compactification
space of F-theory has a genus-one fibration, and the modular parameter of a genus-one curve,
as a fiber of a genus-one fibration, is identified with the axio-dilaton in F-theory formulation.
7-branes are wrapped on the components of the codimension one locus in the base space
along which fibers degenerate to “singular fibers” (such locus is referred to as the discriminant
1
locus), and the non-Abelian gauge group that forms on the 7-branes is specified via the type
of the singular fibers over the discriminant component on which 7-branes are wrapped [3, 4].
Recently, local model buildings of F-theory [5, 6, 7, 8] were mainly discussed. It is necessary
to examine global aspects of F-theory compactification to address the issues of gravity and
early universe. We analyze the geometries of F-theory compactifications from the global
perspective in this study.
When a genus-one fibration admits a section 1, the sections form a group, and this is
referred to as the Mordell–Weil group. The condition that a genus-one fibration has a section
geometrically implies that the total space of the genus-one fibration contains a copy of the
base space. The Mordell–Weil group is a finitely generated Abelian group, and the rank of
the Mordell–Weil group yields the number of U(1) factors in F-theory compactification [3].
F-theory models with various U(1) factors are investigated [9, 12, 13, 15, 16, 18, 40, 41, 42,
25, 22, 32, 43, 38, 39]. A general F-theory model with one U(1) factor was constructed in [9].
Constructions of F-theory models with two U(1) factors were discussed in [12, 13, 15, 16, 22].
Although there are some known examples, the general theory of F-theory Weierstrass models
with 3 or more U(1) factors is not fully established. Discussions of F-theory models with 3
or more U(1) factors can be found, for example, in [18, 40, 42, 25, 32]. Classification of F-
theory models with various U(1) factors, and understanding U(1) gauge groups of high ranks
in F-theory model building, are interesting issues to explore.
In this study, we deduce the explicit Weierstrass equations of F-theory models with three
to eight U(1) factors. Specifically, we restrict our considerations to elliptically fibered K3
surfaces and construct several families of elliptic K3 surfaces with Mordell–Weil rank 3 to 8. It
is generally considerably difficult to directly determine the Mordell–Weil group from the given
Weierstrass equation of elliptic K3 surface, and the construction of examples with positive
Mordell–Weil ranks is non-trivial. In order to resolve the issue, we utilize the quadratic base
change technique (we use “QBC” to abbreviate the quadratic base change in this study) used
in [32] to construct F-theory Weierstrass models with various U(1) factors.
The Picard number of a K3 surface varies over the complex structure moduli, and it is
difficult to determine the Mordell–Weil rank of an elliptic K3 surface owing to this property
of a K3 surface. An elliptic K3 surface splits into a pair of two 1/2 K3 surfaces in a special
limit, which is known as the “stable degeneration limit” [44, 45] 2. The 1/2 K3 surface is also
referred to as a rational elliptic surface 3. In contrast to a K3 surface, the Picard number
of a rational elliptic surface does not depend on the complex structure and is constant over
the complex structure moduli. Given this property, the sum of the rank of the singularity
type and Mordell–Weil rank of a rational elliptic surface with a section is always 8. It is
relatively easy to determine types of the singular fibers from the Weierstrass equation, and
1F-theory compactifications on elliptic fibrations admitting a global section have been intensively studied.
See, e.g., [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35,
36, 37, 38, 39] for studies of such models.
2F-theory/heterotic duality [1, 2, 3, 46, 44] is known to strictly hold in this limit. See, e.g., [47, 48, 49, 23,
50, 51] for recent studies of the stable degeneration in F-theory/heterotic duality.
3The Mordell-Weil groups of the rational elliptic surfaces with a global section were classified in [52].
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the Mordell–Weil rank is immediately obtained once the singularity type is computed because
the rank of the Mordell–Weil group is 8 minus the rank of the singularity type for a rational
elliptic surface.
Gluing a pair of identical rational elliptic surfaces yields an elliptic K3 surface, and QBC
describes the operation [51]. The QBC can be viewed as the reverse of the stable degeneration
in which an elliptic K3 surface splits into a pair of identical rational elliptic surfaces [51]. In
this study, we apply the QBC method to rational elliptic surfaces with Mordell–Weil ranks 3
to 8 to construct various families of elliptic K3 surfaces with the Mordell–Weil ranks 3 to 8
4. F-theory compactifications on the surfaces times a K3 surface yield models with three to
eight U(1) factors. Elliptic K3 surfaces with Mordell–Weil ranks 1 to 4 are constructed via
utilizing the QBC of rational elliptic surfaces in [32].
Examples of F-theory models with 3 to 8 U(1) gauge fields as constructed in this study
can aid in understanding the general theory of models with multiple U(1) gauge factors. The
examples can help in constructing the general theory of F-theory models with multiple U(1)s.
We consider F-theory compactifications on the products of K3 surfaces, and they yield
four-dimensional theories with N = 2 supersymmetry. The enhanced supersymmetry imposes
a strong anomaly cancellation condition on the theories. We confirm that the Weierstrass
equations deduced in this study are in agreement with the constraint.
We also discuss matter spectra on F-theory on the constructed families of elliptic K3
surfaces times a K3 surface. We find that specific Kummer surfaces belong to the moduli,
and the gauge groups forming in F-theory compactifications on the surfaces contain three
and four U(1) factors. We determine explicit matter spectra in four-dimensional F-theory
compactifications with N = 1 supersymmetry on the surfaces times a K3 surface with flux
[53, 54, 55, 56, 57] 5.
In F-theory, matter representations arise from local rank-one enhancements [4, 66, 67, 68,
69] of the singularities of a compactification space. Other types of matter representations
arising from the structure of divisor were discussed, e.g., in [70, 71]. [72] discussed the
deformations and resolutions of singularities.
The types of the singular fibers of elliptically fibered surfaces were classified by Kodaira
[73, 74], and methods to study the singular fibers of elliptic surfaces were discussed in [75, 76].
The types of the singular fibers of elliptically fibered K3 surfaces, and the corresponding
singularity types in F-theory compactifications [3, 4] are presented in Table 1.
This study is structured as follows: in section 2, we briefly review the techniques of the
quadratic base change (QBC) utilized in [32] to construct F-theory models with various U(1)
factors. F-theory on the products of K3 surfaces yield 4d theory with enhanced N = 2
supersymmetry. Anomaly cancellation condition requires that the total number of the 7-
branes is 24, and we can confirm the consistency of the F-theory models obtained in this
study by using this. We also review this point. In section 3, we construct families of rational
4Families of elliptic K3 surfaces of Mordell–Weil ranks 3 and 4 as constructed in this note exhibit singularity
types that are different from those of the families of elliptic K3 surface of Mordell–Weil ranks 3 and 4 as
constructed in [32].
5Recent progress of four-form fluxes in F-theory can be found, e.g., in [58, 59, 60, 61, 62, 49, 63, 64, 65].
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Type of singular fiber
Singularity type
of the compactification space
I1, II none.
In (n ≥ 2) An−1
I∗m (m ≥ 0) Dm+4
III A1
IV A2
II∗ E8
III∗ E7
IV ∗ E6
Table 1: Types of singular fibers and the corresponding singularities.
elliptic surfaces with Mordell–Weil ranks 3 to 8. We select specific singularity types, and we
deduce the Weierstrass equations of the surfaces.
In section 4, we apply the QBC method to rational elliptic surfaces constructed in section 3
to yield elliptic K3 surfaces with Mordell–Weil ranks 3 to 8. We deduce Weierstrass equations
of these K3 surfaces. F-theory compactifications on the resulting spaces yield models with
3 to 8 U(1) gauge fields. We discuss matter spectra on F-theory on the spaces times a K3
surface in section 5. We state our concluding remarks in section 6.
2 Review of quadratic base change and anomaly can-
cellation condition
2.1 Review of quadratic base change
We briefly review the method of quadratic base change (QBC) of rational elliptic surfaces to
yield elliptically fibered K3 surfaces.
In the stable degeneration limit, an elliptic K3 surface on the F-theory side splits into a
pair of rational elliptic surfaces. The Picard number of a rational elliptic surface is 10, and
this value does not depend on the complex structure. The Shioda–Tate formula [77, 78, 79]
for elliptic surface M states that the following equality holds:
ρ(M) = 2 + rkADE + rkMW (M). (1)
ADE in (1) denotes the singularity type of an elliptic surface M , and ρ(M) denotes the Picard
number of an elliptic surface M . When this formula is applied to a rational elliptic surface
X, because the Picard number of rational elliptic surface X is 10, ρ(X) = 10, the following
equality is obtained:
rkADE + rkMW (X) = 8. (2)
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This implies that the sum of the rank of the singularity type and the Mordell–Weil rank of a
rational elliptic surface is always 8.
When a rational elliptic surface has a global section, the quadratic base change corresponds
to an operation that replaces each of the coordinate variables t and s of the coordinate [t : s]
of the base P1 with quadratic polynomials:
t → α1 t2 + α2 ts+ α3 s2 (3)
s → α4 t2 + α5 ts+ α6 s2.
We used αi, i = 1, · · · , 6, to denote the parameters of QBC. The surface that results from
applying this operation to a rational elliptic surface is an elliptic K3 surface. When an original
rational elliptic surface is given by the Weierstrass equation as follows:
y2 = x3 + f4(t, s)x+ g6(t, s), (4)
where f4 and g6 denote homogeneous polynomials of degrees 4 and 6, respectively, in t, s, the
resulting K3 surface is given by the Weierstrass form as follows:
y2 =x3 + f4(α1 t
2 + α2 ts+ α3 s
2, α4 t
2 + α5 ts+ α6 s
2)x
+ g6(α1 t
2 + α2 ts+ α3 s
2, α4 t
2 + α5 ts+ α6 s
2).
(5)
As discussed in [51], QBC can be seen as the reverse of the stable degeneration in which
an elliptic K3 surface splits into a pair of identical rational elliptic surfaces. Thus, QBC is
geometrically an operation that glues a pair of identical rational elliptic surfaces to yield an
elliptic K3 surface. The singular fibers of the resulting K3 surface are twice the number of
those of the original rational elliptic surface [51]. Thus, the non-Abelian gauge group formed
in F-theory compactification on the resulting K3 surface S exhibits the corresponding ADE
type twice the singularity type of the original rational elliptic surface X. With respect to the
special values of the parameters, singular fibers collide and the singularity type of K3 surface
is enhanced as discussed in [51]. This corresponds to an enhancement of a non-Abelian gauge
group in F-theory compactification.
As explained in [32], a section to an original rational elliptic surface X naturally lifts to a
section to a resulting elliptic K3 surface S, which is obtained as QBC of the rational elliptic
surface X. Thus, there is a natural embedding of the Mordell–Weil group MW (X) of the
original rational elliptic surface X into the Mordell–Weil group MW (S) of the resulting K3
surface S. Therefore, the Mordell–Weil group of the original rational elliptic surface X is a
subgroup of that of the resulting K3 surface:
MW (X) ⊂MW (S). (6)
Thus, the following inequality holds:
rkMW (X) ≤ rkMW (S). (7)
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With respect a generic quadratic base change (namely, for generic values of the parameters
of QBC), the following equality holds:
rkMW (X) = rkMW (S). (8)
This is shown in [32]. Here, we provide a different proof. (See also [80, 81].) We fix the
singularity rank of a rational elliptic surface X as n. (0 ≤ n ≤ 8.) Then the Mordell–Weil of
the rational elliptic surface X corresponds to 8− n by the equation (2):
rkMW (X) = 8− n. (9)
Given that MW (X) is a subgroup of MW (S), the K3 surface S has the Mordell–Weil rank
at least 8−n. Subsequently, the elliptic K3 surface S obtained as QBC of the rational elliptic
surface X exhibits singularity rank 2n. Furthermore, the Ne´ron-Severi lattice of K3 surface
S contains a rank 2 sublattice generated by a zero-section and a smooth fiber. Thus, the
following inequality holds for the Picard number of the K3 surface S:
ρ(S) ≥ (8− n) + 2n+ 2 = 10 + n. (10)
The original rational elliptic surface X has moduli of complex deformations of dimension 8−n.
Additionally, QBC contains two genuine parameters of complex deformations. Therefore, the
resulting K3 surface S has the complex moduli of the following dimension:
8− n+ 2 = 10− n. (11)
K3 surface of Picard number ρ has the complex structure moduli of dimension 20−ρ. If a
generic member S of K3 surfaces obtained as QBC of the rational elliptic surface X exhibits
Mordell–Weil rank strictly exceeding the rank of MW (X), then it has a Picard number
strictly exceeding the lower bound 10 + n in (10). If this occurs, generic members S of the
family of K3 surfaces obtained as QBC of the family of rational elliptic surfaces X (wherein
the singularity type is fixed and its rank is fixed to n) have Mordell–Weil rank equal to or
greater than 11 + n. Then, the family of K3 surfaces S obtained as the result of QBC has
the complex structure moduli of dimension 9 − n (or smaller), and this contradicts the fact
that the family has the complex structure moduli of dimension 10 − n. Thus, we conclude
that a generic K3 surface S obtained as the result of QBC has Mordell–Weil rank equal to
the Mordell–Weil rank of the original rational elliptic surface X.
With respect to special values of the parameters, the Mordell–Weil rank of resulting K3
surface enhances 6.
F-theory models with multiple U(1) gauge fields are investigated in recent studies. With
respect to F-theory Weierstrass models with 3 U(1) factors or more, the general theory is not
fully understood. In this study, we construct examples of families of elliptically fibered K3
surfaces with Mordell–Weil ranks 3 to 8, and we provide explicit Weierstrass equations of the
6Examples of enhancements of Mordell–Weil ranks of elliptic K3 surfaces over the moduli of complex
structures and appearance of U(1) are discussed in [30].
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surfaces in section 4. They can aid in understanding the general theory of models with three
or more U(1) factors.
First, we construct rational elliptic surfaces with Mordell–Weil ranks 3 to 8 with specific
singularity types in section 3. When the singularity types are known, the Mordell–Weil ranks
are immediately determined owing to the equation (2). We utilize the fact that the rank of
the Mordell–Weil group is generically invariant under QBC to obtain families of elliptic K3
surfaces with Mordell–Weil ranks 3 to 8 in section 4 via applying QBC to rational elliptic
surfaces that will be constructed in section 3.
Families of rational elliptic surfaces with specific singularity types with the Mordell–Weil
ranks 1 to 4 were constructed in [32]. QBC was applied to these surfaces, and Weierstrass
equations of elliptic K3 surfaces with Mordell–Weil ranks 1 to 4 were obtained in [32].
2.2 Anomaly cancellation condition
F-theory compactifications on an elliptic K3 surface times a K3 surface yields a 4d N = 2
theory. The enhanced supersymmetry imposes a strong constraint on the theory. The tadpole
cancellation condition without insertion of 3-branes indicates that the total number of 7-
branes present in the compactification should be 24 [82]. We can perform a consistency check
of F-theory models using this condition.
The Euler number of singular fiber [74] yields the number of the 7-branes wrapped on the
component over which the singular fibers lie. The numbers of the 7-branes for the types of
singular fibers of an elliptic K3 surface are listed in Table 2. Euler numbers of the singular
fibers of elliptic surfaces were computed in [74].
fiber type
# of 7-branes
(Euler number)
In n
I∗m m+6
I∗0 6
II 2
III 3
IV 4
IV ∗ 8
III∗ 9
II∗ 10
Table 2: List of fiber types and associated numbers of 7-branes.
In section 4.2, we perform the consistency checks of the resulting F-theory compactifica-
tions by confirming that this condition is satisfied.
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3 Rational elliptic surfaces with Mordell–Weil ranks 3
to 8
3.1 Mordell–Weil rank 8
When the Weierstrass coefficients of a rational elliptic surface are generic, then all the singular
fibers of the surface have type I1, and its singularity type is trivial, i.e., it has rank 0. Given
(2), the Mordell–Weil rank of the surface is 8.
We may assume that two singular fibers are located at [t : s] = [1 : 0], [0 : 1]. This
amounts to require that the discriminant is divisible by the factor t s. Given this condition,
the Weierstrass equation of the rational elliptic surface is as follows:
y2 =x3 + (−3a2 t4 + b t3s+ c t2s2 + d ts3 − 3 s4)x
+ (−2a3 t6 + e t5s+ f t4s2 + g t3s3 + h t2s4 + j ts5 − 2 s6). (12)
a, b, c, d, e, f, g, h, j denote parameters, and one of them is superfluous. Three singular fibers
can be sent to specific positions under an automorphism of the base P1, and thus we also
assume that another type I1 fiber is located at [t : s] = [1 : 1]. The condition reduces the
number of the parameters by one, and thus the actual number of parameters is 8.
Generic members in the family of rational elliptic surfaces (12) have Mordell–Weil rank 8,
and the family of rational elliptic surfaces (12) exhibits eight-dimensional complex structure
moduli.
The discriminant is given as follows:
∆ =t s ·
[
(108d− 108j) s10 + (108c− 36d2 − 108h+ 27j2) ts9
+ (108b− 72cd+ 4d3 − 108g + 54hj) t2s8
+ (−324a2 − 36c2 − 72bd+ 12cd2 − 108f + 27h2 + 54gj) t3s7
+ (−72bc+ 216a2d+ 12c2d+ 12bd2 − 108e+ 54gh+ 54fj) t4s6
+ (216a3 − 36b2 + 216a2c+ 4c3 + 24bcd− 36a2d2 + 27g2 + 54fh+ 54ej) t5s5
+ (216a2b+ 12bc2 + 12b2d− 72a2cd+ 54fg + 54eh− 108a3j) t6s4
+ (−324a4 + 12b2c− 36a2c2 − 72a2bd+ 27f 2 + 54eg − 108a3h) t7s3
+ (4b3 − 72a2bc+ 108a4d+ 54ef − 108a3g) t8s2
+ (−36a2b2 + 108a4c+ 27e2 − 108a3f) t9s+ (108a4b− 108a3e) t10
]
.
(13)
Rational elliptic surface (12) generically has twelve type I1 fibers. The vanishing orders of
the coefficients, f4 and g6, of the Weierstrass equation y
2 = x3+f4 x+g6, and the corresponding
types of the singular fibers are shown in Table 3.
3.2 Mordell–Weil rank 7
We construct a family of rational elliptic surface with the singularity type A1. Generic mem-
bers of the family have Mordell–Weil rank 7 as given by the equation (2). It is assumed that
8
Type of
singular fiber
ord(f4) ord(g6) ord(∆)
I0 ≥ 0 ≥ 0 0
In (n ≥ 1) 0 0 n
II ≥ 1 1 2
III 1 ≥ 2 3
IV ≥ 2 2 4
I∗m (m ≥ 1) 2 3 m+ 6
I∗0 ≥ 2 3 6
2 ≥ 3
IV ∗ ≥ 3 4 8
III∗ 3 ≥ 5 9
II∗ ≥ 4 5 10
Table 3: Fiber types and the corresponding vanishing orders of the Weierstrass coefficients,
f4 and g6, of y
2 = x3 + f4 x+ g6. The orders of the discriminant ∆ are also shown.
a type I2 fiber is located at [t : s] = [0 : 1]. The Weierstrass equation of a member of the
family is given as follows:
y2 = x3+(a t4+b t3s+c t2s2+d ts3−3s4)x+(e t6+f t5s+g t4s2+h t3s3+j t2s4+d ts5−2s6),
(14)
with the discriminant
∆ =t2 ·
[
(108c− 9d2 − 108j) s10 + (108b− 72cd+ 4d3 − 108h+ 54dj) ts9
+ (108a− 36c2 − 72bd+ 12cd2 − 108g + 54dh+ 27j2) t2s8
+ (−72bc− 72ad+ 12c2d+ 12bd2 − 108f + 54dg + 54hj) t3s7
+ (−36b2 − 72ac+ 4c3 + 24bcd+ 12ad2 − 108e+ 54df + 27h2 + 54gj) t4s6
+ (−72ab+ 12bc2 + 12b2d+ 24acd+ 54de+ 54gh+ 54fj) t5s5
+ (−36a2 + 12b2c+ 12ac2 + 24abd+ 27g2 + 54fh+ 54ej) t6s4
+ (4b3 + 24abc+ 12a2d+ 54fg + 54eh) t7s3 + (12ab2 + 12a2c+ 27f 2 + 54eg) t8s2
+ (12a2b+ 54ef) t9s+ (4a3 + 27e2) t10
]
.
(15)
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a, b, c, d, e, f, g, h, j denote parameters. Among the parameters, two correspond to redundant
parameters. Given an argument similar to that stated in section 3.1, we can send two type
I1 fibers to [t : s] = [1 : 0], [1 : 1]. The condition that type I1 is located at [t : s] = [1 : 0] is
given as follows
4a3 + 27e2 = 0. (16)
We can replace (a, e) with (−3a˜2,−2a˜3) to satisfy the condition. A rational elliptic surface
(14) has one type I2 fiber and ten type I1 fibers.
Family of rational elliptic surfaces (14) exhibits seven-dimensional complex structure mod-
uli.
3.3 Mordell–Weil rank 6
We construct a family of rational elliptic surfaces with singularity type A2. By (2), generic
members of this family have the Mordell–Weil rank 6. It is assumed that a type I3 fiber is
located at [t : s] = [0 : 1]. The Weierstrass equation of a member of the family is given as
follows:
y2 = x3+(a t4+b t3s+c t2s2+d ts3−3s4)x+
(
e t6+f t5s+g t4s2+h t3s3+(c−d
2
12
) t2s4+d ts5−2s6
)
,
(17)
with the discriminant
∆ =t3 ·
[
(108b− 18cd− d
3
2
− 108h) s9
+ (108a− 9c2 − 72bd+ 15
2
cd2 +
3
16
d4 − 108g + 54dh) ts8
+ (−72bc− 72ad+ 12c2d+ 12bd2 − 108f + 54dg + 54ch− 9
2
d2h) t2s7
+ (−36b2 − 72ac+ 4c3 + 24bcd+ 12ad2 − 108e+ 54df + 54cg − 9
2
d2g + 27h2) t3s6
+ (−72ab+ 12bc2 + 12b2d+ 24acd+ 54de+ 54cf − 9
2
d2f + 54gh) t4s5
+ (−36a2 + 12b2c+ 12ac2 + 24abd+ 54ce− 9
2
d2e+ 27g2 + 54fh) t5s4
+ (4b3 + 24abc+ 12a2d+ 54fg + 54eh) t6s3 + (12ab2 + 12a2c+ 27f 2 + 54eg) t7s2
+ (12a2b+ 54ef) t8s+ (4a3 + 27e2) t9
]
.
(18)
a, b, c, d, e, f, g, h denote parameters. Among the parameters, two correspond to redundant
parameters. Two type I1 fibers can be sent to [t : s] = [1 : 0], [1 : 1] via an automorphism
of the base P1. The conditions reduce the number of the parameters by two, and thus the
actual number of the parameters is 6.
Family of rational elliptic surfaces (17) exhibits six-dimensional complex structure moduli.
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3.4 Mordell–Weil rank 5
We construct a family of rational elliptic surfaces with the singularity type A3. Generic
members of the constructed family have Mordell–Weil rank 5. We assume that a type I4 fiber
is located at [t : s] = [0 : 1]. The Weierstrass equation of a member of this family is given as
follows:
y2 =x3 + (a t4 + b t3s+ c t2s2 + d ts3 − 3s4)x
+
(
e t6 + f t5s+ g t4s2 + (b− cd
6
− d
3
216
) t3s3 + (c− d
2
12
) t2s4 + d ts5 − 2s6
)
,
(19)
with the discriminant
∆ =t4 ·
[
(108a− 9c2 − 18bd− 3
2
cd2 − d
4
16
− 108g) s8
+ (−18bc− 72ad+ 3c2d+ 15
2
bd2 +
cd3
2
+
d5
48
− 108f + 54dg) ts7
+ (−9b2 − 72ac+ 4c3 + 15bcd+ 12ad2 + 3
4
c2d2 − bd
3
4
+
cd4
24
+
d6
1728
− 108e+ 54df + 54cg − 9
2
d2g) t2s6
+ (−72ab+ 12bc2 + 12b2d+ 24acd+ 54de+ 54cf − 9
2
d2f + 54bg − 9cdg − d
3g
4
) t3s5
+ (−36a2 + 12b2c+ 12ac2 + 24abd+ 54ce− 9
2
d2e+ 54bf − 9cdf − d
3f
4
+ 27g2) t4s4
+ (4b3 + 24abc+ 12a2d+ 54be− 9cde− d
3e
4
+ 54fg) t5s3
+ (12ab2 + 12a2c+ 27f 2 + 54eg) t6s2 + (12a2b+ 54ef) t7s
+ (4a3 + 27e2) t8
]
.
(20)
a, b, c, d, e, f, g denote parameters. Among these parameters, two correspond to redundant
parameters. Two type I1 fibers can be sent to [t : s] = [1 : 0][1 : 1] under an automorphism
of the base P1. The conditions reduce the number of the parameters by two, and the actual
number of the parameters is 5.
Family of rational elliptic surfaces (19) has five-dimensional complex structure moduli.
3.5 Mordell–Weil rank 4
We construct three families of rational elliptic surfaces, the singularity types of which are
A3A1, A
2
2, and D4. Generic members of the families have Mordell–Weil rank 4.
Weierstrass equations of a family of rational elliptic surfaces with singularity type A3A1
can be obtained from the equation (19), via imposing a condition on the equation (19) that
it has a type I2 fiber at the infinity, [t : s] = [1 : 0]. This is equivalent to requiring that the
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coefficients of the terms t11s and t12 vanish in the discriminant (20). The coefficient of t12 is
as follows:
4a3 + 27e2, (21)
and this vanishes when we replace (a, e) with (−3a2, 2a3). Following this replacement, the
coefficient of the term t11s vanishes when we set the following:
f = −ab. (22)
Thus, we deduce that the following Weierstrass equations describe the family of rational
elliptic surfaces with singularity type A3A1:
y2 =x3 + (−3a2 t4 + b t3s+ c t2s2 + d ts3 − 3s4)x
+
(
2a3 t6 − ab t5s+ g t4s2 + (b− cd
6
− d
3
216
) t3s3 + (c− d
2
12
) t2s4 + d ts5 − 2s6
)
,
(23)
a, b, c, d, g denote parameters. We can assume that one of the type I1 fibers is located at
[t : s] = [1 : 1], and this condition reduces the number of parameters by one. Therefore, the
actual number of the parameters is 4.
The discriminant is given as follows:
∆ =t4 ·
[
(−324a2 − 9c2 − 18bd− 3
2
cd2 − d
4
16
− 108g) s8
+ (108ab− 18bc+ 216a2d+ 3c2d+ 15
2
bd2 +
cd3
2
+
d5
48
+ 54dg) ts7
+ (−216a3 − 9b2 + 216a2c+ 4c3 − 54abd+ 15bcd
− 36a2d2 + 3
4
c2d2 − bd
3
4
+
cd4
24
+
d6
1728
+ 54cg − 9
2
d2g) t2s6
+ (216a2b− 54abc+ 12bc2 + 108a3d+ 12b2d− 72a2cd+ 9
2
abd2 + 54bg − 9cdg − d
3g
4
) t3s5
+ (−324a4 − 54ab2 + 108a3c+ 12b2c− 36a2c2 − 72a2bd+ 9abcd− 9a3d2 + abd
3
4
+ 27g2) t4s4
+ (108a3b+ 4b3 − 72a2bc+ 108a4d− 18a3cd− a
3d3
2
− 54abg) t5s3
+ (−9a2b2 + 108a4c+ 108a3g) t6s2
]
.
(24)
The Weierstrass equations of a family of rational elliptic surfaces with the singularity type
A22 is obtained from the equation (17) deduced in section 3.3, via imposing a condition on
the equation (17) wherein it has a type I3 fiber at the infinity, [t : s] = [1 : 0]. This is
equivalent to the condition that the coefficients of the terms t10s2, t11s, and t12 vanish in the
discriminant (18). The coefficient of t12 vanishes when we replace (a, e) with (−3a2, 2a3) as
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previously stated. Following this replacement, the coefficient of t11s vanishes when we set
f = −ab. Then, the Weierstrass equation (17) becomes as follows:
y2 =x3 + (−3a2 t4 + b t3s+ c t2s2 + d ts3 − 3s4)x
+
(
2a3 t6 − ab t5s+ g t4s2 + h t3s3 + (c− d
2
12
) t2s4 + d ts5 − 2s6
)
.
(25)
The coefficient of the term t10s2 vanishes when the following relation is satisfied:
12ag = b2 − 12a2c. (26)
a, b, c, d, h denote parameters, and we can assume that one of type I1 fibers is at [t : s] = [1 : 1].
This reduces the number of the parameters by one.
We construct a family of rational elliptic surfaces with the singularity type D4. It is
assumed that a type I∗0 fiber is located at the origin, [t : s] = [0 : 1]. As stated previously,
we assume that a type I1 fiber is located at [t : s] = [1 : 0]. Then, the following Weierstrass
equation describes the family:
y2 = x3 + t2 (−3t2 + a ts+ b s2)x+ t3 (2t3 + c t2s+ d ts2 + e s3). (27)
a, b, c, d, e denote parameters, and one of the parameters is superfluous. We can also assume
that one of the type I1 fibers is located at [t : s] = [1 : 1], and this condition eliminates the
redundancy.
The discriminant is given as follows:
∆ =t6 ·
[
(4b3 + 27e2) s6 + (12ab2 + 54de) ts5 + (12a2b− 36b2 + 27d2 + 54ce) t2s4
+ (4a3 − 72ab+ 54cd+ 108e) t3s3 + (−36a2 + 108b+ 27c2 + 108d) t4s2 + (108a+ 108c) t5s
]
.
(28)
The complex structure moduli spaces of rational elliptic surfaces described by the Weier-
strass equations (23), (25) with the condition (26) imposed, and (27), are four-dimensional.
3.6 Mordell–Weil rank 3
We construct two families of rational elliptic surfaces, the singularity types of which are A5
and D4A1. Generic members of the families have the Mordell–Weil rank 3.
We construct a family of rational elliptic surfaces with singularity type A5. We assume
that a type I6 fiber is located at the origin, [t : s] = [0 : 1]. The following Weierstrass equation
describes this family:
y2 =x3 + (a t4 + b t3s+ c t2s2 + d ts3 − 3s4)x
+
[
e t6 + (−bc
6
− ad
6
− c
2d
72
− bd
2
72
− cd
3
432
− d
5
10368
) t5s
+ (a− c
2
12
− bd
6
− cd
2
72
− d
4
1728
) t4s2 + (b− cd
6
− d
3
216
) t3s3 + (c− d
2
12
) t2s4 + d ts5 − 2s6
]
.
(29)
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Following some computations, we confirm that the Weierstrass equation (29) has a type I6
fiber at [t : s] = [0 : 1] (i.e., the discriminant is divisible by t6), and it also has six type I1
fibers.
a, b, c, d, e denote parameters. As stated previously, we can send two type I1 fibers to
[t : s] = [1 : 0], [1 : 1], and the conditions reduce the number of parameters by two. Therefore,
the actual number of the parameters is 3.
We construct a family of rational elliptic surfaces with the singularity type D4A1. The
Weierstrass equations of a family of rational elliptic surfaces with singularity type D4A1 are
obtained from the equation (27) as deduced in section 3.5 via imposing a condition on the
equation (27) wherein it exhibits a type I2 fiber at the infinity, [t : s] = [1 : 0]. The condition
is equivalent to the vanishing of the coefficient of the term t11s in the discriminant (28). The
coefficient of the term t11s is 108(a + c), and thus this is satisfied when we set the following
expression:
c = −a. (30)
Thus, the following Weierstrass equation yields this family:
y2 = x3 + t2 (−3t2 + a ts+ b s2)x+ t3 (2t3 − a t2s+ d ts2 + e s3), (31)
with the discriminant
∆ =t6s2 ·
[
(4b3 + 27e2) s4 + (12ab2 + 54de) ts3 + (12a2b− 36b2 + 27d2 − 54ae) t2s2
+ (4a3 − 72ab− 54ad+ 108e) t3s+ (−9a2 + 108b+ 108d) t4
]
.
(32)
From the equations (31) and (32), we find that a generic rational elliptic surface (31) has one
type I∗0 fiber at the origin, one type I2 fiber at the infinity, and four type I1 fibers.
a, b, d, e denote parameters, and we can send one type I1 fiber such that it lies over the
position [t : s] = [1 : 1]. The condition decreases the number of the parameters by one, and
thus the actual number of parameters is 3.
The complex structure moduli spaces of rational elliptic surfaces described by the Weier-
strass equations (29) and (31) are three-dimensional.
4 F-theory models with 3 to 8 U(1) factors
In this section, we construct families of elliptically fibered K3 surfaces with Mordell–Weil
ranks 3 to 8 via applying QBC to families of rational elliptic surfaces constructed in section
3. Specifically, F-theory compactifications on the resulting K3 surfaces times a K3 surface
yield models with 3 to 8 U(1) factors.
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4.1 Summary
We provide four-dimensional F-theory models with 3 to 8 U(1) gauge fields. The QBC of
the families of rational elliptic surfaces constructed in section 3 yields elliptic K3 surfaces,
the singularity types of which are twice those of the original rational elliptic surfaces. The
Mordell–Weil rank of the resulting K3 surface is identical to the Mordell–Weil rank of the
original rational elliptic surfaces for generic values of the parameters of QBC.
The construction results in explicit Weierstrass equations of elliptic K3 surfaces with
Mordell–Weil ranks 3 to 8. F-theory compactifications on the K3 surfaces times a K3 surface
yield models with 3 to 8 U(1) factors.
The F-theory compactifications give 4d theory with N = 2 supersymmetry. We verify the
consistency of the obtained theories by using the anomaly cancellation condition.
4.2 F-theory models with multiple U(1)s and explicit Weierstrass
equations
4.2.1 Model with 8 U(1)s
QBC replaces the coordinate variables t, s of the base P1 with quadratic polynomials in the
variables t, s as follows:
t → α1 t2 + α2 ts+ α3 s2 (33)
s → α4 t2 + α5 ts+ α6 s2,
as reviewed in section 2.1. When this is applied to the equation (12) of rational elliptic
surfaces of the Mordell–Weil rank 8 deduced in section 3.1, the resulting Weierstrass equation
is as follows:
y2 =x3 +
(
− 3a2 (α1 t2 + α2 ts+ α3 s2)4 + b (α1 t2 + α2 ts+ α3 s2)3(α4 t2 + α5 ts+ α6 s2)
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)2 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)3
− 3 (α4 t2 + α5 ts+ α6 s2)4
)
x
+
(
− 2a3 (α1 t2 + α2 ts+ α3 s2)6 + e (α1 t2 + α2 ts+ α3 s2)5(α4 t2 + α5 ts+ α6 s2)
+ f (α1 t
2 + α2 ts+ α3 s
2)4(α4 t
2 + α5 ts+ α6 s
2)2 + g (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)3
+ h (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)4 + j (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)5
− 2 (α4 t2 + α5 ts+ α6 s2)6
)
.
(34)
This yields a family of elliptic K3 surfaces with the Mordell–Weil rank 8 wherein the singular-
ity type is generically trivial. Specifically, a, b, c, d, e, f, g, h, j are parameters 7, and α1, · · · , α6
denote the parameters of QBC.
7As stated in section 3.1, one of the parameters is superfluous, and can be expressed in terms of the other
parameters.
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Generic member of the family has 24 type I1 fibers. Thus, there are 24 7-branes in F-
theory on a K3 surface belonging to the family (34) times a K3 surface based on Table 2.
This ensures that the anomaly cancellation condition is satisfied.
F-theory compactification on an elliptic K3 surface (34) times a K3 surface generically does
not have a non-Abelian gauge factor. Thus, the gauge group formed in the compactification
is as follows:
U(1)8. (35)
4.2.2 Model with 7 U(1)s
We apply QBC to the family of rational elliptic surfaces (14) constructed in section 3.2 to
yield the following Weierstrass equation:
y2 =x3 +
(
a (α1 t
2 + α2 ts+ α3 s
2)4 + b (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)2 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)3
− 3 (α4 t2 + α5 ts+ α6 s2)4
)
x
+
(
e (α1 t
2 + α2 ts+ α3 s
2)6 + f (α1 t
2 + α2 ts+ α3 s
2)5(α4 t
2 + α5 ts+ α6 s
2)
+ g (α1 t
2 + α2 ts+ α3 s
2)4(α4 t
2 + α5 ts+ α6 s
2)2 + h (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)3
+ j (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)4 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)5
− 2 (α4 t2 + α5 ts+ α6 s2)6
)
.
(36)
This describes a family of elliptic K3 surfaces with Mordell–Weil rank 7 wherein the singularity
type is A21.
A generic elliptic K3 surface belonging to the family has two I2 fibers and twenty type I1
fibers. Therefore, there are 24 7-branes in F-theory on K3 surface belonging to this family
times a K3 surface. This confirms that the anomaly cancellation condition is satisfied. The
anomaly cancellation condition is verified in a similar fashion for the remaining F-theory
models.
According to Table 1 in [83], because K3 surface has A21 singularity, the torsion part of
the Mordell–Weil group of K3 surface (36) is trivial. Thus, the Mordell–Weil group is
MW ∼= Z7. (37)
Therefore, the global structure of the gauge group forming in F-theory compactification on
K3 surface (36) times a K3 surface is
SU(2)2 × U(1)7. (38)
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4.2.3 Model with 6 U(1)s
We apply QBC to the family of rational elliptic surfaces (17) constructed in section 3.3 to
obtain the following Weierstrass equation:
y2 =x3 +
(
a (α1 t
2 + α2 ts+ α3 s
2)4 + b (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)2 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)3
− 3 (α4 t2 + α5 ts+ α6 s2)4
)
x
+
(
e (α1 t
2 + α2 ts+ α3 s
2)6 + f (α1 t
2 + α2 ts+ α3 s
2)5(α4 t
2 + α5 ts+ α6 s
2)
+ g (α1 t
2 + α2 ts+ α3 s
2)4(α4 t
2 + α5 ts+ α6 s
2)2 + h (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)3
+ (c− d
2
12
) (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)4
+ d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)5 − 2 (α4 t2 + α5 ts+ α6 s2)6
)
.
(39)
This describes a family of elliptic K3 surfaces with the Mordell–Weil rank 6, with singularity
type A22.
According to Table 1 in [83], because K3 surface has A22 singularity, the torsion part of
the Mordell–Weil group of K3 surface (39) is trivial. Thus, the Mordell–Weil group is
MW ∼= Z6. (40)
It can be confirmed that the Mordell–Weil groups of generic members of the remaining families
of elliptic K3 surfaces in section 4.2 do not have the torsion part in a similar fashion, therefore
we do not repeat this argument for the remaining families of K3 surfaces. The global structure
of the gauge group forming in F-theory compactification on K3 surface (39) times a K3 surface
is
SU(3)2 × U(1)6. (41)
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4.2.4 Model with 5 U(1)s
We apply QBC to the family of rational elliptic surfaces (19) constructed in section 3.4 to
obtain the following Weierstrass equation:
y2 =x3 +
(
a (α1 t
2 + α2 ts+ α3 s
2)4 + b (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)2 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)3
− 3 (α4 t2 + α5 ts+ α6 s2)4
)
x
+
(
e (α1 t
2 + α2 ts+ α3 s
2)6 + f (α1 t
2 + α2 ts+ α3 s
2)5(α4 t
2 + α5 ts+ α6 s
2)
+ g (α1 t
2 + α2 ts+ α3 s
2)4(α4 t
2 + α5 ts+ α6 s
2)2
+ (b− cd
6
− d
3
216
) (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)3
+ (c− d
2
12
) (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)4
+ d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)5 − 2 (α4 t2 + α5 ts+ α6 s2)6
)
.
(42)
This describes a family of elliptic K3 surfaces with the Mordell–Weil rank 5, with the singu-
larity type A23.
The Mordell–Weil group of an elliptic K3 surface (42) is:
MW ∼= Z5. (43)
The global structure of the gauge group forming in F-theory compactification on K3 surface
(42) times a K3 surface is
SU(4)2 × U(1)5. (44)
4.2.5 Model with 4 U(1)s
We apply QBC to the three families of rational elliptic surfaces (23), (25) and (27), constructed
in section 3.5. First, we apply QBC to the family of rational elliptic surfaces (23) with A3A1
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singularity. Consequently, we obtain the following Weierstrass equation:
y2 =x3 +
(
− 3a2 (α1 t2 + α2 ts+ α3 s2)4 + b (α1 t2 + α2 ts+ α3 s2)3(α4 t2 + α5 ts+ α6 s2)
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)2 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)3
− 3 (α4 t2 + α5 ts+ α6 s2)4
)
x
+
(
2a3 (α1 t
2 + α2 ts+ α3 s
2)6 − ab (α1 t2 + α2 ts+ α3 s2)5(α4 t2 + α5 ts+ α6 s2)
+ g (α1 t
2 + α2 ts+ α3 s
2)4(α4 t
2 + α5 ts+ α6 s
2)2
+ (b− cd
6
− d
3
216
) (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)3
+ (c− d
2
12
) (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)4
+ d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)5 − 2 (α4 t2 + α5 ts+ α6 s2)6
)
.
(45)
This equation describes a family of elliptic K3 surfaces with the Mordell–Weil rank 4, with
the singularity type A23A
2
1.
Next, we apply QBC to another family of rational elliptic surfaces (27) with D4 singularity.
This yields the following Weierstrass equation:
y2 =x3 + (α1 t
2 + α2 ts+ α3 s
2)2
(
− 3(α1 t2 + α2 ts+ α3 s2)2
+ a (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2) + b (α4 t
2 + α5 ts+ α6 s
2)2
)
x
+ (α1 t
2 + α2 ts+ α3 s
2)3
(
2(α1 t
2 + α2 ts+ α3 s
2)3
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)
+ d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)2 + e (α4 t
2 + α5 ts+ α6 s
2)3
)
.
(46)
This equation describes a family of elliptic K3 surfaces with the Mordell–Weil rank 4, with
the singularity type D24.
We apply QBC to family of rational elliptic surfaces (25) with A22 singularity to obtain
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the following Weierstrass form:
y2 =x3 +
(
− 3a2 (α1 t2 + α2 ts+ α3 s2)4 + b (α1 t2 + α2 ts+ α3 s2)3(α4 t2 + α5 ts+ α6 s2)
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)2 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)3
− 3 (α4 t2 + α5 ts+ α6 s2)4
)
x
+
(
2a3 (α1 t
2 + α2 ts+ α3 s
2)6 − ab (α1 t2 + α2 ts+ α3 s2)5(α4 t2 + α5 ts+ α6 s2)
+ g (α1 t
2 + α2 ts+ α3 s
2)4(α4 t
2 + α5 ts+ α6 s
2)2
+ h (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)3
+ (c− d
2
12
) (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)4
+ d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)5 − 2 (α4 t2 + α5 ts+ α6 s2)6
)
.
(47)
The parameters a, b, c, g are subject to the condition:
12ag = b2 − 12a2c, (48)
as stated in section 3.5. This Weierstrass equation describes a family of elliptic K3 surfaces
with the Mordell–Weil rank 4, with the singularity type A42.
The Mordell–Weil group of the resulting elliptic K3 surfaces (45), (46) and (47) do not
have the torsion part, and they are isomorphic to Z4:
MW ∼= Z4. (49)
The global structure of the gauge group forming in F-theory compactification on K3 surface
(45) times a K3 surface is
SU(4)2 × SU(2)2 × U(1)4. (50)
The global structure of the gauge group in F-theory compactification on K3 surface (46)
times a K3 surface is
SO(8)2 × U(1)4. (51)
The global structure of the gauge group in F-theory compactification on K3 surface (47)
times a K3 surface is
SU(3)4 × U(1)4. (52)
4.2.6 Model with 3 U(1)s
We apply QBC to the two families of rational elliptic surfaces (29) and (31) constructed in
section 3.6. First, we apply QBC to the family of rational elliptic surfaces (29) with A5
20
singularity. Hence, we obtain the following Weierstrass equation:
y2 =x3 +
(
a (α1 t
2 + α2 ts+ α3 s
2)4 + b (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)
+ c (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)2 + d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)3
− 3 (α4 t2 + α5 ts+ α6 s2)4
)
x
+
(
e (α1 t
2 + α2 ts+ α3 s
2)6
+ (−bc
6
− ad
6
− c
2d
72
− bd
2
72
− cd
3
432
− d
5
10368
) (α1 t
2 + α2 ts+ α3 s
2)5(α4 t
2 + α5 ts+ α6 s
2)
+ (a− c
2
12
− bd
6
− cd
2
72
− d
4
1728
) (α1 t
2 + α2 ts+ α3 s
2)4(α4 t
2 + α5 ts+ α6 s
2)2
+ (b− cd
6
− d
3
216
) (α1 t
2 + α2 ts+ α3 s
2)3(α4 t
2 + α5 ts+ α6 s
2)3
+ (c− d
2
12
) (α1 t
2 + α2 ts+ α3 s
2)2(α4 t
2 + α5 ts+ α6 s
2)4
+ d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)5 − 2 (α4 t2 + α5 ts+ α6 s2)6
)
.
(53)
This describes a family of elliptic K3 surfaces with Mordell–Weil rank 3 with singularity type
A25.
Next, we apply QBC to the second family of rational elliptic surfaces with D4A1 singularity
(31) to obtain the following Weierstrass equation:
y2 =x3 + (α1 t
2 + α2 ts+ α3 s
2)2
(
− 3(α1 t2 + α2 ts+ α3 s2)2
+ a (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2) + b (α4 t
2 + α5 ts+ α6 s
2)2
)
x
+ (α1 t
2 + α2 ts+ α3 s
2)3
(
2(α1 t
2 + α2 ts+ α3 s
2)3
− a (α1 t2 + α2 ts+ α3 s2)2(α4 t2 + α5 ts+ α6 s2)
+ d (α1 t
2 + α2 ts+ α3 s
2)(α4 t
2 + α5 ts+ α6 s
2)2 + e (α4 t
2 + α5 ts+ α6 s
2)3
)
.
(54)
This describes a family of elliptic K3 surfaces with the Mordell–Weil rank 3 with singularity
type D24A
2
1.
The Mordell–Weil group of the resulting elliptic K3 surfaces (53) and (54) do not have
the torsion part, and they are isomorphic to Z3:
MW ∼= Z3. (55)
The global structure of the gauge group forming in F-theory compactification on K3 surface
(53) times a K3 surface is
SU(6)2 × U(1)3. (56)
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The global structure of the gauge group in F-theory compactification on K3 surface (54)
times a K3 surface is
SO(8)2 × SU(2)2 × U(1)3. (57)
5 Matter spectra
We discuss the matter spectra on F-theory on the elliptic K3 surfaces that were constructed
in section 4 times a K3 surface. As discussed in this section, the families of K3 surfaces con-
structed in section 4.2 include Kummer surfaces. We show that the tadpole can be cancelled
in F-theory on the Kummer surfaces times appropriately selected attractive K3 surfaces with
the flux turned on. We determine the matter spectra in the compactifications. We briefly re-
view the cancellation of the tadpole in F-theory on the products of K3 surfaces in section 5.1.
In section 5.2, we discuss the matter spectra on F-theory on the Kummer surfaces belonging
to the moduli as constructed in section 4.2.
5.1 Review of tadpole cancellation
Complex K3 surfaces with the highest Picard number 20 are referred to as attractive 8 K3
surfaces. As will be discussed in section 5.2, Kummer surfaces of specific complex structures
belong to the moduli of elliptic K3 surfaces as constructed in section 4.2, and these Kummer
surfaces turn out to be attractive K3 surfaces9. We briefly review the classification results of
the complex structures of the attractive K3 surfaces, and tadpole cancellation in F-theory on
the products of attractive K3 surfaces. A review of these topics can be found in [82].
The orthogonal complement of the Ne´ron-Severi lattice NS inside the K3 lattice ΛK3
is referred to as the “transcendental lattice”. The complex structures of the attractive K3
surfaces are uniquely specified by the intersection forms of the transcendental lattices [85, 86].
The transcendental lattices of the attractive K3 surfaces are integral and even symmetric
2× 2 matrices, and their intersection forms can be transformed into the following form under
the GL2(Z) action: (
2a b
b 2c
)
. (58)
Parameters a, b, c are integers, a, b, c ∈ Z, and they satisfy the following relation:
a ≥ c ≥ b ≥ 0. (59)
Thus, the complex structure moduli of the attractive K3 surfaces is labelled by triplets of three
integers, namely a, b, c. Thus, we denote the attractive K3 surface (in which the transcendental
lattice exhibits the intersection form (58)) as S[2a b 2c]. The Kummer surfaces discussed in
8We follow the convention of the term utilized in [84]. These types of K3 surfaces are termed as “singular
K3 surfaces” in mathematics.
9Generally, Kummer surfaces are not necessarily attractive K3 surfaces.
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section 5.2 are attractive K3 surfaces the transcendental lattices of which exhibit the following
intersection matrices (
4 2
2 4
)
,
(
4 0
0 4
)
. (60)
They are denoted as S[4 2 4] and S[4 0 4], respectively.
The tadpole cancellation condition [87, 54] for F-theory on K3 × K3 in the presence of
4-form flux G is expressed as follows:
1
2
∫
G ∧G+N3 = 24. (61)
We used N3 to denote the number of 3-branes inserted. The 4-form flux G is subject to the
quantization condition [55] as follows:
G ∈ H4(K3×K3,Z). (62)
In [88], M-theory compactifications on the pairs of attractive K3 surfaces, S1 × S2, were
considered, and the pairs of the complex structures of the attractive K3 surfaces for which
the tadpole can be cancelled with flux were determined. The following decomposition of the
4-form flux G is considered in [88]:
G = G0 +G1 (63)
G0 ∈ H1,1(S1,R)⊗H1,1(S2,R)
G1 ∈ H2,0(S1,C)⊗H0,2(S2,C) + h.c.
The conditions imposed in [88] are as follows:
N3 = 0, (64)
and
G0 = 0. (65)
The condition (64) was relaxed in [48] as follows:
N3 ≥ 0, (66)
and the extended list of the pairs of attractive K3 surfaces for which the tadpole cancels was
obtained in [48], assuming the condition (65).
The numbers of the pairs of the attractive K3 surfaces for which the tadpole is cancelled
obtained in [88, 48] are finite. Therefore, the complex structure moduli is stabilized for the
situations discussed in [88, 48].
With respect to the Kummer surfaces S[4 2 4] and S[4 0 4] that are discussed in section 5.2,
the tadpole can be cancelled with flux when they are paired with appropriate attractive K3
surfaces. This is confirmed in section 5.2. F-theory on K3× K3 without insertion of flux yields
four-dimensional theory with N = 2 supersymmetry, and only adjoint representations of the
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gauge groups arise as matter. Because half of the supersymmetry is broken in the presence
of flux, F-theory compactification on K3 × K3 with flux yields four-dimensional theory with
N = 1 supersymmetry. A vector-like pair arises in this situation when the tadpole cancels
[82]. In section 5.2, we find that Kummer surfaces S[4 2 4] and S[4 0 4] belong to moduli of
K3 surfaces constructed in section 4.2, and we determine the exact matter spectra arising in
F-theory on these Kummer surfaces times appropriate attractive K3 surfaces.
5.2 Kummer surfaces belonging to the constructed moduli and
vector-like pairs
F-theory compactification on K3 × K3 without flux yields four-dimensional N = 2 theory,
and the only light matter arising on the 7-branes in this compactification are adjoints of the
gauge groups. Vector-like pairs can also arise when flux is turned on although it is necessary
to confirm that tadpole cancels to ensure that they do not vanish owing to the anomaly. We
observe that moduli of elliptic K3 surfaces constructed in section 4.2 include Kummer surfaces
of specific complex structures. The results indicate that these Kummer surfaces are attractive
K3 surfaces, and the tadpole can be cancelled when pairs of these Kummer surfaces times
appropriately selected attractive K3 surfaces are considered. Thus, vector-like pairs arise in
F-theory on these spaces.
The types of the elliptic fibrations 10 of attractive K3 surfaces, S[4 2 4] and S[4 0 4], are
classified in [89]. They are both Kummer surfaces [85]. The fibration types of the surface
S[4 2 4] include fibration with Mordell–Weil rank 3 wherein the singularity type is A11D4.
(Table 1.3, fibration no. 24 in [89]) As reviewed in section 2.1, the singular fibers of K3
surface obtained as a result of QBC are twice those of the original rational elliptic surface
for general values of the parameters. Singular fibers collide when the parameters assume
special values, and they are enhanced to another fiber type [51]. Elliptic K3 surface (53)
obtained in section 4.2.6 generally exhibits A25 singularity with Mordell–Weil rank 3. When
the parameters of QBC take special values, then two I6 fibers collide, and they are enhanced
to a type I12 fiber. Thus, the singularity type A
2
5 enhances to A11. The corresponding QBC
is as follows:
t→ α1 t2. (67)
(α2 = α3 = 0 in (3).)
When the remaining parameters also assume special values, A11 singularity is further
enhanced in the moduli (53) to A11D4 singularity. The fibration with A11D4 singularity of
Kummer surface S[4 2 4] corresponds to one such point in the moduli (53). Specifically, this
indicates that the Kummer surface S[4 2 4] belongs to the moduli (53) constructed in section
4.2.6.
The tadpole can be cancelled in F-theory compactification with flux, when the Kummer
surface S[4 2 4] is paired with the attractive K3 surface S[2 1 2] [88] by including sufficiently
10An elliptic K3 surface generally exhibits several distinct elliptic fibrations. See [48] for a discussion of this
in the context of F-theory compactification.
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many 3-branes. Therefore, vector-like pairs arise from local rank-one enhancements of the
singularities A11 and D4 on F-theory on the product S[4 2 4]×S[2 1 2]. We consider the following
local rank-one enhancements:
A10 ⊂ A11 (68)
A3 ⊂ D4.
Then the adjoints 143 of A11 and 28 of D4 decompose into irreducible representations of A10
and A3, respectively, as follows [90]:
143 = 120 + 11( ) + 11 + 1 (69)
28 = 15 + 6( ) + 6 + 1.
Decomposition of 28 of D4 into irreducible representations of A3 was discussed in [68, 91].
Thus, the adjoints 120 of A10 and 15 of A3 arise on the 7-branes without fluxes. The vector-
like pair 11 + 11 arises from A11 singularity, and the vector-like pair 6 + 6 arises from D4
singularity by including a flux.
As previously seen in section 4.2.6, a general member in the moduli (53) has Mordell–
Weil group isomorphic to Z3. When the singularity type enhances to A11D4 and K3 surface
becomes the Kummer surface S[4 2 4], then the Mordell–Weil group acquires the torsion part,
and it becomes isomorphic to the following [89]:
Z3 × Z2. (70)
The global structure [92, 93, 94] of the gauge group that forms on F-theory on S[4 2 4]×S[2 1 2]
is:
SU(12)× SO(8)/Z2 × U(1)3. (71)
Similarly, we find that the Kummer surface S[4 0 4] also belongs to the moduli (53). Kum-
mer surface S[4 0 4] has a fibration of the Mordell–Weil rank 3 with the A15 singularity. (Table
1.4, fibration no. 30 in [89]) This surface corresponds to a point in the moduli (53), at which
the singularity type is enhanced from the enhanced type A11, that we discussed previously,
further to A15. From this, we find that the moduli (53) includes the Kummer surface S[4 0 4].
The tadpole can be cancelled in F-theory with flux, when the Kummer surface S[4 0 4] is
paired with the Kummer surface S[4 0 4] [48]
11. Under local rank-one enhancement:
A14 ⊂ A15, (72)
255 of A15 decomposes into the irreducible representations of A14:
255 = 224 + 15( ) + 15 + 1. (73)
11[2 0 2] in the list of [48] represents the Kummer surface, which we denote by S[4 0 4] in this study.
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The adjoints 224 of A14 arise on the 7-branes without fluxes. The vector-like pair 15 + 15
arises from the A15 singularity in F-theory on S[4 0 4] × S[4 0 4] with a flux.
The Mordell–Weil group of Kummer surface S[4 0 4] with fibration of Mordell–Weil rank 3
with singularity type A15 has the torsion part, and it is isomorphic to [89]
Z3 × Z2. (74)
The following gauge group forms on F-theory on S[4 0 4] × S[4 0 4]:
SU(16)/Z2 × U(1)3. (75)
Moduli of elliptically fibered K3 surfaces with the Mordell–Weil rank 4, the singularity
type of which includes A24, is constructed in [32]. Kummer surface S[4 0 4] has a fibration of
Mordell–Weil rank 4, with the A27 singularity, according to [89]. (Table 1.4, fibration no. 52 in
[89]) This fibration of the surface S[4 0 4] corresponds to a point in the moduli of Mordell–Weil
rank 4 built in [32], at which A24 singularity is enhanced to A
2
7.
As stated previously, the tadpole can be cancelled in F-theory compactification with flux
turned on, when the Kummer surface S[4 0 4] is paired with Kummer surface S[4 0 4].
Under the following local rank-one enhancement
A6 ⊂ A7, (76)
63 of A7 decomposes into the irreducible representations of A6 as:
63 = 48 + 7( ) + 7 + 1. (77)
The adjoints 48 of A6 arise from the A7 singularity without fluxes. The vector-like pair 7+7
also arises from the A7 singularity in F-theory on S[4 0 4] × S[4 0 4] with flux.
The Mordell–Weil group of Kummer surface S[4 0 4] with fibration of Mordell–Weil rank 4
with singularity type A27 has the torsion part, and it is isomorphic to [89]
Z4 × Z2. (78)
The following gauge group forms on F-theory on S[4 0 4] × S[4 0 4]:
SU(8)2/Z2 × U(1)4. (79)
6 Conclusions
In this study, we constructed families of elliptically fibered K3 surfaces with the Mordell–
Weil ranks 3 to 8 by utilizing QBC to glue pairs of identical rational elliptic surfaces. We
considered F-theory compactifications on the resulting K3 surfaces times a K3 surface to
yield models with 3 to 8 U(1) factors. These models yield four-dimensional theories with
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N = 2 supersymmetry, and the enhanced supersymmetry imposes a strong constraint on the
theories. We confirmed that the obtained theories satisfy the anomaly cancellation condition.
F-theory models with multiple U(1) factors were investigated in recent studies. The explicit
Weierstrass equations in this study added examples of such models.
We also showed that Kummer surfaces of specific complex structures belonged to the
moduli of K3 surfaces that were constructed in this study. We confirmed that the tadpole
can be cancelled in F-theory compactification on these Kummer surfaces times appropriate
attractive K3 surfaces with the flux turned on. We determined the exact matter spectra for
these cases.
Fibering K3 surfaces over the base P1 and over base surfaces to promote the geometries
discussed in this study to elliptically fibered Calabi–Yau 3-folds and 4-folds and determine the
Mordell–Weil groups of these spaces can be likely directions of future studies. It is expected
that F-theory on the resulting spaces will yield 6d and 4d N = 1 theories with multiple U(1)
factors 12. Additionally, Mordell–Weil ranks in the moduli spaces of elliptic K3 surfaces that
were constructed in this study are generically constant although they enhance for special
values of the parameters. (See [30] for a discussion.) This observation can aid in constructing
models with higher Mordell–Weil groups.
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